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1. ff
? $\mathrm{Z}_{p}$-
( John Coates , $\mathrm{r}_{\mathrm{n}\mathrm{o}\mathrm{n}-}$




, . , $\mathrm{Z}_{p}$- $K/k$
$k_{n}$ $(n\geq 0, [k_{n} : k]=p^{n})$ rpart( $k_{n}$
? ) $n$ , $K$
r $L/K$ , .
,
, $K/k$ $\mu$- 0
.
2.
. $p$ ( ), $K/k$
$\mathrm{Z}_{p}$- , $\Gamma:=\mathrm{G}\mathrm{a}1(K/k)\simeq \mathrm{Z}_{p}$
$k=k_{0}\subseteq k_{1}\subseteq\cdots k_{n}\subseteq\cdots\subseteq K=n=0\cup k$n’
$k_{n}/k$ :pn- \llcorner ‘{$\langle\langle$
, $L_{n}/k_{n},$ $L$/K r , $X_{n}:=\mathrm{G}\mathrm{a}1(L_{n}/k_{n})(\simeq k_{n}$
$p$-part), $X:=\mathrm{G}\mathrm{a}1(L/K)$ $X \simeq\lim_{arrow}X_{n}$ (
) $\text{ },$ $X_{n}$ $\mathrm{Z}_{p}[\mathrm{G}\mathrm{a}1(k_{n}/k)]$- , $X$ $\Lambda:=\lim_{arrow}\mathrm{Z}_{p}[\mathrm{G}\mathrm{a}1(k_{n}/k)]$
( ) $\text{ _{}\grave{\grave{1}}}$
. $X$ $\mathrm{Z}_{p}$- $K/k$ , A- b
. $X$ $n\geq 0$ $X_{n}$ . , $X$
A- $X_{n}(n\geq 0)$ $\text{ }1^{\mathrm{a}}$ .
:
( [1]). $\exists\nu\in \mathrm{Z},$ $\exists n_{0}\geq 0$ :
$\#$X$n=p^{\lambda n+\mu p^{n}+\nu}$ for $\forall n\geq n_{0}$ .
$\text{ })arrow C^{\mathrm{s}}\vee\vee\sim,$






$X$ , $\mathbb{P}\backslash$l1 .
( : $\nu$ , A- l {
. )
$p$- $L_{n}/k_{n},$ $L$ /K\epsilon \searrow $\wedge^{\backslash ^{\backslash }}$
p.- $\tilde{L}_{n}$/kn’ $\tilde{L}/K$ $\tilde{G}_{n}=\mathrm{G}\mathrm{a}1$ ( $\tilde{L}_{n}$/kn), $\overline{G}=$
$\mathrm{G}\mathrm{a}1(\tilde{L}/k)$ . \emptyset , $\tilde{G}_{n}$ { $X_{n}=$
$\tilde{G}_{n}^{\mathrm{a}\mathrm{b}}$
[ .
, $\tilde{G}_{n}$ \searrow { E
:
$H$ , $H$
$H=C_{1}(H)\supseteq C_{2}(H)\supseteq$ . $..\supseteq C_{i}(H)\supseteq$ . .. ,
$C_{i+1}(H)=[C_{i}(H), H](i\geq 1)$ ,
( $H$ ( ))





$i$- 6. , $X_{n}^{(1)}=X_{n},$ $X^{(1)}=X$
. $i\geq 0$ $L_{n}^{(i)}:=\tilde{L}_{n}^{C_{\mathrm{i}+1}(\overline{G}_{n})}$ #y\uparrow g. {




, $i\geq 1,$ $n$ \geq 0
$X_{n}^{(i)}$ . $\not\in’$ $\text{ }X_{n}^{(1)}=$




er –$\ovalbox{\tt\small REJECT}^{\backslash }\ \mathrm{r}^{A}\cup$ $X^{(i)}$ ] $\xi\backslash$. $\mathrm{V}$ ‘ $\#$ $>$ ?
. [
$\mathrm{V}$ ‘ $d\supset^{\vee}Ck$‘ $\llcorner$
F\sigma ) $Xl-,$ $\Gamma:=\mathrm{G}\mathrm{a}1(K/k)$ , i- g I
$X^{(i)}=\mathrm{G}\mathrm{a}1(L^{(i)}/L^{(i-1)})$ (L0) $:=\tilde{L}^{c_{+1}(\overline{G})}\dot{.})$ { $\Gamma$
$\grave{\grave{>}}$
$\mathrm{G}\mathrm{a}1(L^{(i)}/k)$ 0\supset \hslash \epsilon ‘ $\text{ }$
{$\not\in$ . $X^{(i)}$ $\Lambda$-
$\phi\backslash$ . A- # l
:
1. $\mu$ $K/k$ \mu - .
(i) $\mu=0$ ;x $i\geq 1$ $X^{(i)}$ A- I , t $\mathrm{Z}_{p}$
( $\mu(X^{(i)})=0$).
(ii) $\mu>0$ , $i\geq 2$ $\text{ }$ $X^{(i)}$
$\ovalbox{\tt\small REJECT}^{-}$ $\Lambda$- SA { 1.
(iii) $\mu$ : $\lambda^{(:\rangle}:=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{\mathrm{Z}_{p}}X$ (:)1 .
$\lambda^{(i)}$ $(i\geq 1)$ $i$- $\lambda$- . $\lambda^{(1)}$ la $K$/k\emptyset J‘Eff\sigma )
$\lambda-$
1 $\ovalbox{\tt\small REJECT}$ . 1 $\mu=0$ { $(i=1)$
$i\geq 2^{\vee}C^{\backslash }\backslash X$
(:) $\Lambda$- \epsilon ‘. , $\mu>0$ } 1
$\mathrm{V}$ ‘ $\leq$ $\text{ }$
\hslash . $\mu=0$ 6 } . ,
([2]) :
( ). $\underline{\mu=0}$ . $i\geq 2$ [ 8
$\exists\nu^{(i)}\in \mathrm{Z}\exists n_{0}^{(i)}\geq 0$ : $\# X_{n}^{(i)}=p^{\lambda^{(:)}n+\nu^{(:)}}.$ for $\forall n\geq n_{0}^{(1)}.$ .
15
$\mathrm{Z}_{p}$- $K/k$ $\mathrm{t}^{\mathrm{a}}i$ $\vee\supset \mathrm{t}$ ‘ 1 \leq
([2] ), :
1([3]). .
$k_{n}$ nflpotent class $i$ r
$G_{n}^{(i)}:=\tilde{G}_{n}/C_{i+1}(\tilde{G}_{n})=\mathrm{G}\mathrm{a}1(L_{n}^{(i)}/k_{n})$ :
- $K/k$ $\mu$- 0 . $i\geq 1$ 1 ‘




, , Zp- $K/k$
$\mu$- 0 $K/k$ $\backslash$ $(_{}^{}$
$n\geq 0$ $k$ $k_{n}$
$\iota\backslash$ 6
). $i\geq 1$ 1 . , $X_{n}^{(i)}$ $X^{(i)}$ { $ft$ | \supset
, $X_{n}^{(i)}=X^{(i)}/Y_{n}^{(i)}$
$X_{n}^{(i)}$ $Y_{n}^{(i)}$ . Y $n$ 1
, $X_{n}^{(i)}$ ( ) \leq $\text{ }$ .
$i=1$ \emptyset $\grave{\{}\not\in$ , ,
$Y_{n}^{(1)}$ 1 :
(1) $Y_{n}^{(1)}=\nu_{n}(Y_{0}^{(1)}),$ $\nu_{n}:=1+\gamma+\gamma^{2}+\cdot.$ . $+\gamma^{p^{n}-1}\in\Lambda,$ $\Gamma=\langle\gamma\rangle$ .
$Y_{n}^{(1)}$ ,
$_{-}^{\sim}$ .
$\text{ }$ $\mu=0\text{ }$
$X^{(1)}$
$\mathrm{Z}_{p}$- , $\nu_{rn,n}:=\nu_{m}/\nu_{n}\in \mathrm{A}(m\geq n\geq 0)$ ’
, $n$ $\nu_{m,n}$ $p^{m-n}\cross$ ( $\Lambda^{\mathrm{x}}$ )
$X^{(1)}$ 1
(1) ,
(2) $\exists n_{0}\geq 0$ : $Y_{n}^{(1)}=p^{n-n0}Y_{n0}^{(1)}(\forall n\geq n_{0})$
. ,
$\# X_{n}^{(1)}=\#(X^{(1)}/Y_{n0}^{(1)})\#(Y_{n0}^{(1)}/p^{n-n0}Y_{n_{0}}^{(1)})$
, $n_{0}$ $Y_{n0}^{(1)}\simeq \mathrm{Z}_{p}^{\oplus\lambda}$ , \leq \supset .
$i\geq 2$ , $X^{(i)}$ A- $Y_{n}^{(i)}$ [ (1)
lf $fp$ . $i\geq 2$ $\# X_{n}^{(\dot{\iota})}$ \sigma ) $\text{ }$ $1_{-}^{\vee}$ $\text{ }$ $\iota\backslash$
$\text{ }$
$\text{ }\prime\supset$ $\text{ }l\grave{\grave{\backslash }},$




$i=1$ \sigma ) , $X^{(i)}$ $\mathrm{Z}_{p}$-
$\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}\mathrm{z}_{\mathrm{p}}X^{(:)}=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}\mathrm{Z}_{\mathrm{p}}Y_{n}^{(1)}.=\lambda^{(i)}$
( 1) [ {




(A) $\exists d\geq 0:\# X_{n}^{(i)}\leq p^{\lambda^{(i)}n+d}$ for $\forall n\geq 0$ .
(B) $\exists m_{0}\geq 0:Y_{n+1}^{(i)}\subseteq(Y_{n}^{(i)})^{p}$ for $\forall n\geq m_{0}$
$(\mathrm{A})_{)}(\mathrm{B})$ . (B)
$\# X_{n+1}^{(i)}/\# X_{n}^{(\dot{l})}=\#(Y_{n}^{(i)}/Y_{n+1}^{(\dot{l})})\geq\#(Y_{n}^{(\dot{\iota})}/(Y_{n}^{(\dot{\iota})})^{p})\geq p^{\lambda^{(*)}}.$ for $n\geq m_{0}$ .
, $a_{n}\geq 0(n\geq m\mathrm{o})$ $\# X_{n+1}^{(i)}/\# X_{n}^{(_{\dot{l}})}=p^{\lambda^{(\cdot)}+a_{n}}$
.
.
(4) $X_{n}^{(i)}=p^{\lambda^{(\cdot)}(n-m\mathrm{o})+\Sigma_{i=m_{0}}^{n-1}a:+b}.=p^{\lambda^{(*)}n+(\Sigma_{*=m_{0}}^{n-1}a_{i}+b-\lambda^{(:)_{m_{0})}}}..$ for $n\geq m_{0}$ .
$(\# X_{m_{0}}^{(i)}=p^{b})$ . (A) $n$ $a_{n}=0,$ $Y_{n+1}^{(i)}=(Y_{n}^{(i)})^{p}$ ,
(3) .
$(\mathrm{A}),(\mathrm{B})$
$Y_{n}^{(:)}$ $X^{(i)}$ $\vee t$ . $\mathcal{G}^{(i)}:=$
$L^{(i)\text{ _{}\backslash }\mathrm{f}\mathrm{i}l^{\vee}*_{\backslash :\grave{\text{ }}}}\mathrm{G}\mathrm{a}1(L^{(i)/k)\text{ }\mathrm{k}}|\llcorner$g fflkfflK‘$(j=1, 2/k^{-}C^{\theta}\mathrm{f}\mathrm{l}\text{ }, .-.t.\text{ }, s)\text{ }k\text{ }\ovalbox{\tt\small REJECT} \mathrm{f}\mathrm{i}\mathrm{t}$. ($1-\text{ }$\leq $\text{ }\leq$ ,
$s$ )
$\text{ }\mathfrak{p}_{j}|\mathrm{J}K$’/Ikj\mbox{\boldmath $\tau$} (4|.)$\text{ }$k $\text{ }4_{\mathrm{i}}\text{ }$,
$L^{(i)}/K$ , $\mathcal{G}^{(i)}arrow\Gamma$ $I_{j}\simeq\Gamma\simeq \mathrm{Z}_{p}$ .
, $I_{1}=\langle\gamma$) $\simeq\Gamma,$ $I_{j}=\langle\gamma g_{j}\rangle(g_{j}\in G^{(i)}, 2\leq j\leq s)$ . \leq :
2. (i) $G_{n}^{(\dot{\iota})}\simeq G^{(i)}/R_{n}^{(\dot{\iota})},$ $R_{n}^{(\dot{\iota})}=$ ( $\nu_{n}$ ( $[\gamma,$ $x$]), $\nu_{n}(g_{j})|x\in G^{(}$i), $2\leq j\leq s)_{G^{(i)}}$
, $[x, y]:=x^{-1}y^{-1}xy$ ,
$\nu_{n}(g):=(\gamma^{-(p^{n}-1)}g\gamma^{p^{n}-1})(\gamma^{-(p^{n}-2)}g\gamma^{p^{n}-2})\cdots(\gamma^{-1}g\gamma)g(g\in G^{(i)})$
, $(*)_{G}$ (:) , $G^{(i)}$ ( )
(ii) $Y_{n}^{(i)}=C_{\dot{l}}(G^{(i)})\cap R_{n}^{(i)}\subseteq X^{(i)}=C_{i}$(G(i)).
, $i=1$
( [4, Lemma 13.15] ).
(A) , :
1. $\exists c\geq 0$ :(X(i))$p^{n+\mathrm{c}}\subseteq Y_{n}^{(i)}$ for $\forall n\geq 0$ .
( ) $i$ . $i=1$ (2) $\mathrm{O}\mathrm{K}!$
$i=l-1$ . $[, ]$ : $X^{(l-1)}\cross X^{(1)}arrow X^{(}$\iota ) S
pairing, $A\subseteq X^{(l-1)},$ $B$ X(1) $[A, B]$ { $[a,$ $b]|a\in A,$ $b$ \in B}
$X^{(l)}$
. 2 $R_{n}^{(l-1)}=R_{n}^{(l)}C_{l}(G^{(l)})/C_{l}(G^{(l)})\subseteq G^{(l-1)}=G^{(l)}/C_{l}(G^{(\downarrow)})$
$[Y_{n}^{(l-1)}, X^{(1)}]\subseteq Y_{n}^{(l)}$ , ,
$Y_{n}^{(l)}\supseteq[Y_{n}^{(l-1)}, X^{(1)}]\supseteq[(X^{(l-\mathfrak{y}})^{\mathrm{p}^{n+\mathit{0}}}, X^{(1)}]=[X^{(l-1)}, X^{(1)}]^{p^{n+e}}=(X^{(l)})^{p^{n+\mathrm{c}}}$
, $i=l$ . .
(A) .
(B) , 2 \ddagger
$R_{n}^{(i)}$ $\text{ }n$
$\text{ }$
. . $H$ p}
$*_{\backslash }\mathrm{f}$ ,
$H^{p^{n}}:=\langle h^{p^{n}}|h\in H\rangle,$ $H^{1p^{n}]}:=\{h^{p^{n}}|h\in H\}$ $(n\geq 0)$
17
($H$ \leftrightarrow ).
, $g\in G^{(}$ i) $m\geq n\geq 0$
$\nu_{m,n}(g)=(\gamma^{-p^{n}(p^{m-n}-1)}g\gamma^{p^{n}(p^{m-n}-1)})(\gamma^{-p^{n}(p^{m-n}-2)}g\gamma^{p^{n}(p^{m-n}-2)})\cdots(\gamma^{-p^{n}}g\gamma^{p^{n}})g$
($i=1$ (1) ).
$\nu_{m}(g)=\nu_{m,n}$ ( $\nu_{n}$ (g)) 2
(5) $R_{n+1}^{(i)}=(\nu_{n+1,n}(\nu_{n}([\gamma, x])), \nu_{n+1,n}(\nu_{n}(g_{j}))|x\in G^{(i)}, 2\leq j\leq s)_{G^{(:)}}$
. :
2. $d\geq 0$ , $n_{1}\geq 0$ :
$\gamma$
$\backslash$ $R\subseteq G^{(}$i) , $n\geq n_{1}$
$\ovalbox{\tt\small REJECT}_{+d,n}(R)\subseteq R^{p^{d}}$
.
$0\dagger’.nl\grave{\grave{>}}\text{ }\theta 3\text{ }rx\text{ }l\mathrm{g}^{*}$
$\nu_{n+1,n}(R_{n}^{(i)})\subseteq(R_{n}^{(i)})^{\mathrm{p}}$
.
$G^{(1)}=X$ , $i=1$ $\nu$ $\backslash$ \leq
( (1) ). 2 (5) :
3. $n$ , $R_{n+1}^{(i)}\subseteq(R_{n}^{(i\rangle})^{p}$ .




. $Y_{n}^{(i)}$ $(Y_{n}^{(i)})^{p}=(Y_{n}^{(i)})^{[p]}$ .
$C_{i}(G^{(i)})\cap(R_{n}^{(i)})^{p}$ $R_{n}^{(i)}$ \supset r $\mathrm{b}$ ] $\mathrm{V}^{\mathrm{a}}$ .
(6) \epsilon , r \leq 1 p-
$\overline{\pi}$ ffl . S
:
3. $i\geq 1$ $e=e$(i) :
$C_{*+1}.(H)=1$ $H$ $p$ ,
$x,$ $y\in H,$
$n\geq 0\Rightarrow x^{p^{n}}y^{\mathrm{p}^{\mathfrak{n}+e}}\in H^{1p^{n}]}$
.
, .
$e=e$(i) 3 , $H$ $C_{i+1}(H)=1$ J ( 1 )




3 , Hall ,
$X,$ $Y$ $(XY)^{m}$ (m $\geq 0$ ) ( $(XY)^{2}=$
$X^{2}Y^{2}$ [Y, $X$] $[[Y, X],$ $Y])$ .
, $G^{(i)}=\tilde{G}/C_{i+1}$ (G)
1 :
4. $d\geq 0$ , $n_{2}\geq 0$ :
$N\subseteq G^{(i)}$ , $(G^{(i)})^{[p^{n_{2}}]}$ $N/N^{p^{\mathrm{d}}}$ .
2 .
(B) . 2 3 , $a\geq 0$ $n$





($e=e(i)$ 3 ) 4 3 .
$[R_{n}^{(i)}, R_{n}^{(i)}]\subseteq(R_{n}^{(i)})^{p^{1+2\mathrm{e}}}\subseteq(R_{n}^{(i)})^{[p^{1+\circ}]}$




$n$ . , 3 (7)
$\ovalbox{\tt\small REJECT}_{+1}^{i)}\subseteq C_{i}(G^{(i)})\cap(R_{n}^{(i)})^{\mathrm{b}]}$
, $y\in Y_{n+1}^{(i)}$ $y=r^{p},$ $r\in R_{n}^{(i)}$ $\#\tau$ . –G$(i)/C_{i}$ (G(i)) $\mathrm{t}^{\vee}.\geq \mathrm{F}\text{ ^{}\beta}\mathrm{f}\mathrm{l}^{f}$X
$y=r^{p}\in C_{i}$ (G(i)) , $r\in \mathrm{G}$ (G(i)) $y=$
$r^{p}\in$ ( $C_{i}$ (G(i)) ) $)p- $ $(Y_{n}^{(i)})^{p}$ , (B) . $\bigwedge_{\square }$ ,
(B) , 6.
, $Y_{n}^{(i)}$ (3) ,
$X_{n}^{(i)}$
$X_{n}^{(i)}\simeq X^{(i)}/(Y_{n0}^{(i)})^{p^{n-n_{\mathrm{Q}}}}$ $(n\geq n_{0})$
. , $R_{n}^{(i)}$ $G_{n}^{(i)}$ ? $R_{n}^{(\dot{l})}$ ,
3
:
4. $i\geq 1$ ,
$\exists$l$0=l_{0}^{(i)}\geq 0:R_{m}^{(i)}=(R_{n}^{(i)})^{p^{m-n}}=(R_{n}^{(i)})^{[p^{m-n}]}$ f$\mathrm{o}$r $m\geq n\geq l_{0}$
,















. , A- $\lceil\Gamma$
pro-r .
, $\mu>0$ $X_{n}^{(i)}$ $G_{n}^{(i)}$ ,
. , $\mu>0$ Zp-
$\# X_{n}^{(2)}$ ,
([2], [3] )
2. $K/k$ $\mathrm{Z}_{p}$- $(p\neq 2)$ :
(i) $K/k$ $X$ $(\Lambda/p)^{\oplus\mu}$ , ( $\mu(K/k)=\mu$),
(ii) $K$ $p$ 1 .




$-\zeta^{\backslash }\backslash \Re$ ,
$\ovalbox{\tt\small REJECT}\doteqdot$ , $\mu=0$ $\backslash$
, $\Downarrow\backslash$ ( } 2
, $\kappa(K/k)$ 1 $\backslash$ $4^{\backslash }$ ).
$G$ , [1] $-.\text{ }$
( $\Lambda$- \sigma ) ). \leq
.
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